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Abstract

In this paper we concentrate on one aspect of e-business applications, namely on its effects in
supply chain management. We derive a mathematical model that shows how different changes in
ordering costs as a result of using e-business can affect the optimal ordering intervals and quan-
tity, average stock level and consequently total inventory-related costs. We study the sensitivity
of the objective function of the average cost approach to finite magnitude perturbations of some
of the system parameters which influence the optimal ordering policy. We deal with the detailed
coordination case of two-level model and determine the conditions in which the model is sensi-
tive to the variation of system parameters.

Keywords: Internet, e-business, sensitivity analysis, finite magnitude perturbations, optimal or-
dering policy, average cost approach

Introduction

Various aspects of e-business have attracted increased attention in recent years. Different theo-
retical advantages of the use of e-business were established and their practical application was
described with various case studies. The question today is no longer whether to use e-business,
particularly not on the business-to-business level (B2B), but how to utilize it to achieve optimal
results.

In this paper we concentrate on one aspect of e-business applications, namely on its effect in sup-
ply chain management, more specifically on the possible decrease in inventory levels and total
average costs. One of the main reasons for higher levels of inventory is uncertainty about the fu-
ture — usually only limited information is available about the needs of suppliers, our own produc-
tion and future customer wishes. E-business and specifically Internet offer an ideal way to reduce
the costs of acquiring timely and exact information about those needs and possibilities. As shown
by some practical examples it can indeed lead to considerably lower inventory related costs.

While the use of e-business for inventory management has attracted increased attention of re-
searchers and practicians in recent years, we approach this topic from a slightly different angle.
We do not concentrate on methods of
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The results, also demonstrated using a practical, numerical example in the last part of this paper,
certainly support the claim that efforts in integrating e-business in supply-chain dynamics are
well justified and bring substantial benefits and cost savings.

In the first part of this paper important considerations about e-business and inventory levels are
briefly summarized. In the second part we briefly present the average cost approach used to de-
termine the optimal ordering policy. In the third part of the paper we assume that order costs be-
come perturbed and we study the effect of this finite magnitude perturbation on the optimal order-
ing policy. In the fourth part we demonstrate the main sensitivity results using a simple numerical
example. In the last part some conclusions are given.

Impact of E-business on Inventory

In recent years more and more companies have become aware of the costs connected with inven-
tory levels, either raw materials or finished products. In addition to the fact that a considerable
amount of capital, which otherwise could be used more productively elsewhere, has to be in-
vested in stocks, high inventory levels also cause other costs such as warehousing costs, different
taxes, insurance, costs of bad quality (due to mistakes found out later), disintegration etc.

The decrease in inventory levels is possible only if the reasons for inventories are eliminated or
reduced. Without this such a decrease could cause production problems, fines due to nonfulfill-
ment of contracts and last but not least loss of customers. E-business offers multiple possibilities
for the decrease in inventory levels (Van der Vorst, Van Dongen, Nouguier, & Hilhorst, 2002).
Specifically it can help to reduce order costs, which leads to the decrease in total inventory costs,
as shown in this paper.

The main advantage of Internet and e-business is that it can make information widely available at
low costs. This means that inventory levels can be reduced at all levels of supply chain without
increasing the risk of stockouts (and costs related with stock-outs) for any company or customer
involved in the process.

IT enables new ways of manufacturing, such as just-in-time production or virtual enterprise sys-
tem (more about virtual enterprises can be found for example in Krauter (1999)) that can result in
a considerable decrease in inventory and inventory related costs. The precondition for that is good
cooperation of all links in the supply chain — the company has to assure quick, cost-effective and
reliable system of communication with its customers and suppliers (Zupancic, 1997). Needless to
say, Internet offers an ideal way to do this.

Additionaly Internet can significantly lower transaction costs and consequently, due to lower
costs per order, also the optimal ordering quantitiy and average inventory levels (Trombly, 2000).
According to a basic formula:

2 * yearly demand * order costs

optimal ordering quantity = —
yearly cost of one unit in stock

a decrease in order costs by 50% decreases the optimal order size, and consequently inventory
levels, by 30%. In addition to e-business, production automation can also lower other costs.

For additional decrease of inventory levels it is also crucial to lower the time between order
placement and material delivery. Information technology enables different new ordering systems
such as vendor-managed inventory, where the supplier is in charge of monitoring the inventory
level and delivering the required material on time. Paper-based documentation is therefore not
needed anymore and the supply time can be reduced - according to some estimation even from
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21-29 days to 14-17 days (Emigh, 1999). Consequently, security levels of stocks can also be re-
duced, without risking possible troubles in production due to lack of needed material.

Different studies have shown that electronic data interchange and e-business can indeed lead to a
substantial inventory levels decrease (see McCubrrey (1998) and Goutsos, & Karacapilidis
(2003)). The studies indicate that inventory levels of companies that are leading their supply
chain dynamics are, on average, 50-80% lower than those of other companies in the same branch.

However, an extensive study of different Slovenian companies found no significant correlations
between investment in information technology and the use of e-business on the one side, and in-
ventory levels or inventory changes on the other (Trkman, 2000). As noted in Trkman, Turk, Ve-
hovar, & Jerman-Blazic (2001), this should not lead to a conclusion that e-business is not a proper
way to reduce inventory-related costs, but rather to the fact that Slovenian firms are not using this
possibility to decrease inventory properly. Ideally the use of information technology and e-
business should be accompanied by careful business process engineering and obviously full sup-
port from the management.

As there are plenty of different case studies available (in addition to already mentioned also see
Panayiotou, Gaxialis, & Tatsiopoulos (2003) and Ramani, Yap, & Pavri (1995)) we will not con-
centrate on specific case study or specific way to obtain competitive advantage due to the de-
crease in inventory level as a consequence of IT or e-business. Rather we will develop a new
mathematical model to show how different changes achieved with the proper use of e-business
can lead to a decrease in inventory levels and consequently decrease in associated costs.

Average Cost Approach

From time to time we encounter different sensitivity studies in available literature on MRP (Mate-
rial Requirement Planning), as in Sianesi & Zavanella (1996) for example. While in their study a
simulative investigation on sensitivity of system parameters is given, our approach is quite differ-
ent. For the system parameter variations of finite magnitude we explicitly calculate the corre-
sponding absolute and relative change in the value of the objective function (the change in the
value of total average costs). The results are particularly important for quick investigation of the

influence of finite magnitude change to the value of the objective function (Ferbar & Bogataj,
1997).

Let us introduce the following notation:

N = number of different items including raw materials, components,...
Q; = order quantity of item i, i=1,2,....N

T; = ordering interval (cycle time) of item i, i=1,2,...N

k; = number of batch completions of item i at some point in time

d; = external demand rate of item i at some time

S; = total inventory of item i at some time

H ;; = number of units of item i required for the production of one unit of item j
¢; = the earliest time at which the demand d; can be met

A; = time at which the first completion of item i occurs

M; = unit batch completion of item i beginning at time zero

K ; = the setup cost of item i

v; = inventory value of item i
p = continuous interest rate
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For convenience, we arrange the above quantities into vectors and matrices according to Q, 7, ¢ ,
A being (NxN)-dimensional diagonal matrices with Q;, T;, ¢; and A; in ith diagonal position

respectively; H an (NxN)-dimensional matrix with element H ij in position (i); H = (I-H) !
being the Leontief inverse of H; x , 4, d and S all being N-dimensional column vectors with ith

components k;, 4;, d; and §; respectively; K and v being N-dimensional row vectors with ith

components K; and v; respectively.

Following the traditional approach (Grubbstrom & Molinder, 1994) the total average cost can be
written as the sum of total average order costs and total average holding costs:

Co=Ku+psS,
where J; =% and S =S(0)-(I-H)A-T/2)H" d+ & .

The first term decreases inversely with 7; and the other increases linearly. Differentiating with

respect to an individual 7; :

a&:_ﬁ_,_&(]_]-])i]—];“d =0
aT; T} 2

gives us the optimal free ordering intervals (T(;l< ); and economic order quantities (QS )it

(To)i = 2Ki ¥ and(QS)iz(T;)ide:\/E.
pvi(I—H);H;d pvi(l—H);

In this case the optimal total costs are:

* N % *k
Cy= Z[\/ZKipvi(I—H)iHl—d +pvi(Si(0)—Ai(I—H)iHid+5l-dl-)]
i=1

Let us assume that order costs K become perturbed (reduced) with the use of e-business (either
between companies and/or within production), so that their new value is K- AK (and AK being
the magnitude of the perturbation: AK = (AKj,...,AK ) ). In this case the total average per-

turbed costs can be written as:
Cp=(K—-AK)I+pS .
Differentiating with respect to 7; get us:

acp :—Ki _AKi +&
aT; T2 2

1

(I-H);H;d=0

and from this we can calculate the perturbed optimal free ordering intervals (T;< ); and the per-

turbed optimal economic order quantities (Q;,k7 )¢

. 2(K; —AK) . o o 2K; —AK)H, d
T i: L l* d i= T iHidz L L L .
" \/PVi(I—H)iHid e @pi=Up) \/ pvi(l —H);
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In this case the optimal perturbed total costs are:

* N * %
C,= gl[\/z(K,- —AK)pv;(I —H);H}d + pv;(S;(0)— A;(I —H); H d + 5,-d,-)}

Now we calculate the perturbation of the optimal free ordering intervals:

AK;
K:
AT, =(Tp); — (T)); = (Tp); ’
1+ 1- 2K
K;
and its relative change:
AK;
AT T —Ty); &,
(T()*)i (T()*)i 1+ 11— Alfi

1

In a similar way we get the perturbation and the relative change of the optimal economic order
quantities:
AK; i AK;

K; AQ; K;
an

AQ; =(00); — (@) = (Q0); d-=1 = .
pe 1= Qo) 14 1=K

i

Finally we calculate the perturbation of the optimal total average costs as:

. . N N * AK;
AC*=Cy-C = Z\[\/vai(I—H)iHid m}:

1=

AK;
Ki

N k
=) \/2KiPVi(I—H)iHid T
i= 1+ [1- K,‘

and its relative change:

AK;
N
K.
Y| —— ﬁ\/ZKiPVi(I—H)iH;d
AC* i=1 1+ I—T;

* B N * * )
Co Z|:\/2Kipvi(1_H)iHid +pVi(Si(0)_Ai(1_H)iHid+5idi):|
i—1

The Detailed Coordination Case of Two-Level Model

Let us consider the detailed coordination case of the two-level model (so called Grubbstrom-
Molinder model) with average cost approach (for details see also Grubbstrom & Molinder (1994),
Bogataj & Ferbar (1996)). We have in this case:

B N s R R
H= , I-H= , H =(I-H) = and H d= = .
1 0 -1 1 11 1 1]{0 d;
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We presume that we have one final product which contains only one component. Lead-times are
equal to zero, initial inventory S(0)=0, external demand for final product is d; and there is no

external demand for the component.

As we know from previous findings (Grubbstrom & Molinder, 1994; Bogataj & Ferbar, 1996;
Ferbar & Bogataj, 1999) the total costs can be minimized when the condition 7, = mT;, where m
is an integer, is fulfilled. Also, we can choose the model so that the shortest horizontal starting

distance is A" =0 (A=A 1 —A,) . In this case the total costs are:

_ T 1oo|d o1 o]
Co(Ty,m)=Ka+pvS =[K; K] |+ply v 7, =

% -1 19 1 1]0
Kl K2 lel lelm lel
=—+—=4pvy—+pV —pvy——
T ml PV > pV2 > a) )

To achieve the optimal value, the following necessary conditions of optimality must be fulfilled:

Xy _ o _ )
71—0 and %—O.So,weget.

2 Kl +££ X ( )
(T3, = i and mg = |—21"Y2)
pdl (Vl +Vvy (mo —1» K1v2

Let us note that for mS in practice the number rounded up is taken (Grubbstrom-Molinder, 1994).
The optimal total average costs have the following form:

Co =\/2Pd1(K1 + Kﬁ J(Vl +vy (mS —1))~

my

The Main Sensitivity Results for Finite
Magnitude Perturbation

Considering that the total change of order costs is AK (we suppose that value of order costs can
be reduced with the use of e-business, either between companies and/or within production), the
total average perturbed costs can be expressed as:

1 Ky—AK, | pdiTy
cp(Tl,m):—[Kl—AK1+ 2 2J+p21 L(vy +vy(m,, —1)).

I m,
o o a,
From the necessary conditions of optimality: o= 0 and = 0, we get:
1 P

Z[Kl —AKl + Kz—*AKz

*mp j and mzz\/(K2_A_Kz)(V1—V2)
pdl(v1+v2(mp—1» (Kl AKI)VZ

(Ty) =
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Using these optimal perturbed values in C, (T}, m) we get the following optimal value of total

average perturbed costs:

Cp = [2pd; Kl—AK1+K2_—*AK2 V1+V2(m;_1))’

Mp

so the absolute change in costs is:

P AKy * S Ky (v =)

pdl AK1+ = WtV mp—l +m0—mp K1V2+T
* * mp mom,,
AC=Cy-C, = =
\/(K1+K£}V1+V2(mg—l))+ KI—AK1+K2_7$K2 v1+v2(m;—1))
mg mp

Using the following relation between m; and m; :

' :\/(KZ—AKz)(Vl—Vz)z\/Kz(Vl—Vz)\/Kl(Kz—AKz) —my
P (K| — AK{)vy Kyvy K, (K| —AK})

we can derive the relative change in m( as:

. * *
Am moy =mp 1

® * T
mg m

k

*k
From Figure 1 we can see that m ,, can be reduced in comparison with mq by 75 % at most and

p
m3-35
l 2,53
B> m2-25
o (] ay ,,.'.'_"!‘ 01,52
mg ; .'l!""‘ o1-15
S\ ®0,5-1
'{\\\\\\\ (] 0_0’5

Figure 1: The diagram of relative changes of parameter
m (Ai*) as a function of AKy and 252
my Ky K>
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can be increased by almost 375 % (this means that parameter m; could be nearly four times

*
grater than mg for some perturbations of order costs). In Figure 2 we present the relative changes

. AK AK
of parameter m for two special cases when K_22 =0.5 and when K_l =05.
1

0 02 04 0,6 0,8 1] 0,2 04 0,6 08
AK, AK,
K, Ky
3
Figure 2: The diagram of relative changes of parameter m ( A”i ) as
m
. AK AK AK AK
a function of —L and =-2 for the cases when —2 =0.5 and when —1=0.5.
Ky K3 K3 K

We will observe only those perturbations which cause the absolute changes in m; for 1 at most:

- - . mo—|m my—m
* if 0 ;0 < = P
my -1 5 mg mg
# I >x—-| mg m* # *J
- - mo—|m - mo—|m
’_ *-‘ * if 0 - 0 < * d < 0 ” 0
mp = m() > m() m() m()
r *' ’- *- ES m* m; ’- *- *+l
mo —m, - mo —m,
mo (1 5 if OO P 2 P00
mg mg mg

or (if we consider the relation between m; and mS)
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[T (1)
mg -1 ; if
- — r % 2
by =] s @
mo
mg +1 ; if 70 ! )

where notation [- | means the number rounded up and |- | the number rounded down.

A Simple Numerical Example

Let us consider the case where the model parameters are:

p=0.1,d; =100, v =30, v, =10, K; =20 and K, =15.

Then mS = 1/% = JL_S =1,225 and [mg —|= 2,

« 2(20+19)
— 27 _
(TO)I‘\}10(30+10)_ 40 =037,

Co = \/20(20 +19)(30+10) =204/55 = 14832,

First we look at the case where |m; |= |m8 |—1 =1, so the condition (1) is fulfilled (we suppose

that relative changes of order costs, which are the result of the use of e-business, fulfil the follow-

AK2>l Z.A
K, 33 Kl’

by 50%, the order costs on the second level should be reduced by at least 67%). In this case, the
optimal perturbed ordering interval is:

ing condition: ; for example, if the order costs on the first level can be reduced

15-AK 5
Ty = 2(20 AR j:\/35—AK1—AK2 @
! 1030+10(1-1)) 150

and the relative change is:
« Ty —(T,
TV ph\_‘l_\/m _
Ty (T 103
AKy AK2

We can see from equation above, that for relative changes of —— and
K

\/8(7 4A—Kl1 3. AKz)
1- 3 . )

, which fulfil the

AK1)<

additional condition = (23 32 AK; the value of optimal perturbed ordering interval

(T; ); will be reduced and so the optimal perturbed order quantity (Q; )1 - For other perturbations

of order costs the optimal perturbed ordering interval will increase, but as we will see from the
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next derivation the total perturbed costs will decrease in both cases. If we calculate the optimal
total average perturbed costs:

(Cp)1 =10,/6(35- AK, —AK) (©6)

and its relative change:

* *
ACY _ ‘CO _(Cp)l‘ =‘1_ [335-AK|-AK;)
ci c 110

we can conclude that the total costs can be reduced for any relative changes of order costs which
fulfil the condition (1) what we can see also in Figure 3. For example, if the order costs on the
first level can be reduced by 50% and the order costs on the second level by at least 67%, then the
total costs can be reduced by at least 36%. This reduction of the total costs is the consequence of

AK1 , AKp .
3(7—4~T—3~—)
—l1_ 1~ K

the decrease of the optimal ordering interval on the second level ((T(;k )y =2- (TO* )1 is reduced to

(Tp)2 =1-(Tp)y).

| 0,8-1
00,6-0,8
00,4-0,6
m0,2-0,4
@ 0-0,2

Figure 3: The diagram of the relative change of the optimal total

; AK, AK,

AC .
average costs ( *1 ) as a function of = and e
1 2

Co

In the case when |m;<7 |= | mS |= 2 (we suppose that relative changes of order costs fulfil the con-

it ._5,8 AK AKy 1,2 AK, ; ~
dition (2): 3tk < i <3t5 & for example, if the order costs on the first level can

be reduced by 70%, the order costs on the second level should be reduced by at least 20% but not
more than 80%) we get:

15-AK,
2 ) \/ 55-2AK, - AK,
10(30 +10) 400

2[20—AK1+

(Tp) =

and:
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o AK L AK |
:1_\/11 8 X 3 K>

11

ATI* _ ‘(TO - (Tp)l‘ :‘1 3 ’55—2AK1—AK2)
T Ty ”

The optimal value of the perturbed total average costs in this case is:

(Cp)2 =20,/55-2AK; - AK,

so its relative change can be written as:

* *
ACS ‘CO h (CP)Z‘ 55-2AK|-AK,
x * == 55
Co Co

From the equation above and from Figure 4 we can see that the optimal total perturbed costs can

o AK L AKS |
=1_\/11 S

11

be reduced for any relative changes of % and AK—K22 which fulfil the condition (2).
1

For example, if the order costs on the first level can be reduced by 70% and the order costs on the
second level by at least 20%, then the total costs can be reduced by 34% at least (if the order costs

m 0381
AC, 00,6-0,8
* 00,4-0,6
Co
m0,2-0,4
30-0,2

Figure 4: The diagram of relative change of the optimal total average costs
( AC*Z ) as a function of AK1 and
Co K

AKy
o

on the second level can be reduced by 80%, the total costs can be reduced by almost 48%). In this
case the optimal ordering interval on the second level is still two times grater than optimal order-

ing interval on the first level ((T; )y =2- (T; )1 ), but it becomes smaller together with (T; ); be-

cause of the reduction of order costs.

When |m; |= |m8 |+ 1=3 (we suppose that relative changes of order costs fulfil the condition (3):

AK—K; < —% + % . % ; for example, if the order costs on the first level can be reduced by 70%, the
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order costs on the second level should be reduced less than 20%), the optimal perturbed ordering
interval is:

_ 15-AK,
2(20 ARy +773 )_\/75—3AK1—AK2

1030+10(3-1)) 750

Ty =

and the relative change is:

*N o o ® AK] AKp
ATy _‘(To)l (Tp)l‘ _‘1 80538k -aky)| | [P0 K Ty
N * TN 8 | T 55 :
(To (To 1

From this expression we can see that the optimal ordering interval (T;,k )1 can be reduced in com-

parison with (T(;k )1 by 15 % at least. In this case the optimal ordering interval on the second level

can increase by 27,5 % and it can cause the increase of total average costs. The interval (T; )2
would stay unchanged in comparison with (TO* )p,if (T; )1 would decrease with regard to (TO* N1

by 33,3 % at least, what we can derive from (T(;k)z = 2(T6k)1 =301 _ﬁ)(T(;k)l .

For this third case, when |m;,k7 |: 3, the optimal total average perturbed costs are:

(Cp)3 =10 12(75-3AK, - AK)

and its relative change is:

el ) AK] AKo
Ac; |Co (Cp)3‘ _‘1_\/5(75—3AK1 “AK, | 1_\/5(5_4'K1_K2)
ci ci 330 2

(®)

m0,8-1
00,6-0,8
00,4-0,6
m0,2-0,4
mo0-0,2

Figure 5: The diagram of the relative change of the optimal total

*
AC . AK AK
average costs (—-> ) as a function of —1 and =2 .
Cy K Ky
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As we can see from equation (8), the optimal total perturbed costs can be reduced if the additional
condition 0,6 — 4 - % < AK—K; is valid. But this condition is automatically fulfilled because we

1
observe only the perturbations of order costs described by (3) at this moment. For example, if the
order costs on the first level can be reduced by 70% and the order costs on the second level by

10%, then the total costs can be reduced by 31% (see Figure 5).

In all three cases we prove that on the one hand total average costs can be considerably reduced if
we suppose the decrease of order costs, and on the other hand that our objective function is very
sensitive to the variation of system parameters. Therefore it is shown that the reduction of order
costs (for example due to the use of automated production or improved communication with all
parties involved in the production) can indeed lead to reduced inventory-related costs. As our
model helps us to estimate the approximate savings, it is also possible to make better and more
informed decisions about whether a certain inventory related project should be accepted or not.

Now, let us calculate how much the total costs can be reduced if we change (reduce) the order

costs for the first item by 10 % ( Alg L =0,1 or AK| =2) and for the second item by 40 %
AK—K22 =0.4 or AK, =6). We would also like to calculate the new optimal ordering intervals and

compare their values with those we get if we don’t consider optimization on parameter m .

o)
< ’”—2 (after simplification:
mo

Because the inequality

0,33+ 0,67% =0,397<0,4= AKﬁ) is fulfilled, we get: |m; ’: 1. By equation (4) the optimal
1 2

perturbed ordering interval on the first level becomes (T; )1 = 0,42, which means that it increases
in comparison with (T; )1 = 0,37 by 14 % (by equation (5)).The optimal perturbed ordering in-
terval on the second level (T; )> = 0,42 decreases in comparison with (T(;k ) =2-0,37=0,74 by
43 %. If we calculate the optimal total perturbed costs by equation (6), we get (C ; )1 =127,28.

This means that (C;)l is reduced in comparison with CS =148,32 by 14 % (equation (7)).

If we did not consider the optimization on m — in which case we would use unperturbed ‘m* |: 2
in our expressions for optimal perturbed ordering intervals and total average perturbed costs, the
optimal ordering intervals would decrease by 8 % ((T; )1 =0,34 and (T; )> =0,68), but the total

costs would decrease in this case only by 9,5 % (C ; =134,16).

Conclusion

From the presented derivations and figures it is possible to conclude that the behavior of the op-
timal total average costs heavily depends on the changes of order costs and on the optimal value

of parameter m (m* ). It is easy to see that if we chose the original (unperturbed) value mS

(mg = 2), instead of the real value for mj, (mj7 =1), a considerable relative error would take

place with the change in the optimal value of average costs. On the one hand we have proven that
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total average costs can be fairly reduced if we suppose the decrease of order costs and optimiza-
tion on parameter m, and on the other hand our objective function has proven to be very sensitive
to the variation of system parameters. This shows that in this case complete and accurate informa-
tion about order costs, demand, inventory related costs and other factors is vital. While it might
be possible to obtain this information without the use of information technology and e-business, it
is certainly much easier to achieve it with the proper use of modern technology. More complete
information also means that the model presented in this paper can be used more broadly.

One should be therefore very careful while adopting the optimal ordering policy in a changeable
environment (needeless to say, the enviroment today is becoming more and more changeable). In
such a case it is obligatory to adopt the sensitivity study described in this paper in order to get a
quick answer to the question of the influence of perturbed systems parameters to the optimal or-
dering policy and the optimal value of the objective function (the total average costs).

As e-business means easier access to information on the one hand, and frequent and drastical
changes on the other, it is clear, that the model presented in this paper represents an invaluable
tool for both researchers and praciticians in the fields of e-business and inventory management.

The results of this paper can be extended in two different directions. One possible direction for
future research is to evaluate the model using it in a real scenario or make a simulation. Another
potential direction for future research is to investigate the influence of Internet and e-business on
the supply time with a view to minimizing the total inventory-related costs.
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